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Abstract 
 
Quantum-mechanical analysis shows that the metrics of a centrally symmetric uncharged 
gravitational field, which are exact solutions of the general relativity equations, are physically 
non-equivalent. 
The classical Schwarzschield metric and the Schwarzschild metrics in isotropic and 
harmonic coordinates provide for the existence of stationary bound states of Dirac particles with 
a real energy spectrum. The Hilbert condition  is responsible for zero values of the wave 
functions under the “event horizon” that leads to the absence of Hawking radiation. 
00 0g 
For the Eddington-Finkelstein and Painlevé-Gullstrand metrics, stationary bound states of 
spin-half particles cannot exist because Dirac Hamiltonians are non-Hermitian. For these 
metrics, the condition  also leads to the absence of Hawking evaporation. 00 0g 
For the Finkelstein-Lemaitre and Kruskal metrics, Dirac Hamiltonians are explicitly time-
dependent, and stationary bound states of spin-half particles cannot exist for them. The Hilbert 
condition for these metrics does not place any constraints on the domains of the wave functions. 
Hawking evaporation of black holes is possible in this case. 
 The results can lead to revisiting some concepts of the standard cosmological model 
related to the evolution of the universe and interaction of collapsars with surrounding matter. 
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 1. Introduction 
 
The Schwarzschild metric [1] is a widely known solution of general relativity for a point 
uncharged centrally symmetric gravitational field. 
 The classical Schwarzschild solution is characterized by a spherically symmetric point 
source of gravitational field of mass M  and "event horizon” (gravitational radius) 
 0 2
2 .GMr
c
  (1) 
 In (1), G  is the gravitational constant, and  is the speed of light. In the classical case, as 
seen by a distant observer, a test particle reaches the “event horizon” in an infinitely long time. 
c
There are a number of other metrics derived by coordinate transformations of the 
Schwarzschild metric and also representing exact solutions of general relativity. 
 We can note the following solutions: the Schwarzschild metric in isotropic coordinates 
[2], the Schwarzschild metric in harmonic coordinates [3], the Finkelstein-Lemaitre metric [4], 
the Kruskal metric2 [5], [6], the Eddington-Finkelstein metric [4], [7], and the  Painlevé-
Gullstrand metric [8], [9]. 
 In [10] - [12], we developed a method for deriving self-conjugate Dirac Hamiltonians 
with a flat scalar product of wave functions within the framework of pseudo-Hermitian quantum 
mechanics for arbitrary, including time-dependent, gravitational fields. 
 It follows from single-particle quantum mechanics that if the Hamiltonian is Hermitian 
, if there are quadratically integrable wave functions, and if appropriate 
boundary conditions are specified, the time-independent self-conjugate Hamiltonians should 
provide for the existence of stationary bound states of spin-half particles with a real energy 
spectrum. 
   ,H H    ,
                                                
 In [13] - [14], we demonstrated the existence of stationary bound states of Dirac particles 
by numerical calculations of the Dirac equation for the classical Schwarzschild metric [1]. If the 
Hilbert condition  00 0g  [15], [16] is fulfilled, the "event horizon” of a Schwarzschild black 
hole represents an infinitely high potential barrier than cannot be crossed by spin-half quantum 
mechanical particles. The wave function of a Dirac particle under the “event horizon” is zero, 
that precludes Hawking evaporation of such a black hole [17]. 
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2 The Kruskal metric is derived without coordinate transformations of the Schwarzschild metric 
 In [18], [19], we also demonstrated the existence of stationary bound states of Dirac 
particles and the absence of evaporation for the Reissner-Nordström [20], [21], Kerr [22] and 
Kerr-Newman [23] fields. 
 In this work we explore the possibility of existence of stationary bound states of Dirac 
particles for other metrics of uncharged centrally symmetric gravitational field [2] - [9]. 
 As a result of the analysis we will establish that the metrics [1] - [9] can be divided into 
three groups: 
1. For the Schwarzschild metrics [1] - [3], it is possible that non-evaporating black holes 
with stationary bound states of spin-half particles exist. 
2. For the Finkelstein-Lemaitre [4] and Kruskal [5], [6] metrics, Dirac Hamiltonians 
explicitly depend time, and stationary bound states of Dirac particles cannot exist. The metrics 
do not impose any constraints on the domain of the wave functions, and Hawking evaporation of 
black holes is therefore possible for these metrics. 
 3. The Eddington-Finkelstein [4], [7] and Painlevé-Gullstrand [8], [9] metrics represent 
an intermediate case. Dirac Hamiltonians for these metrics are non-Hermitian, so the existence of 
stationary bound states of spin-half particles for them is not possible. On the other hand, the 
Hilbert condition  00 0g   leads to the fact that, as in the case of the first group, the “event 
horizon” is an infinitely high potential barrier, and the wave function of a particle under the 
“event horizon” is zero. For such black holes, Hawking evaporation does not exist. 
It is evident that in terms of quantum mechanics, the three groups of metrics are 
physically nonequivalent, but all of them are solutions of the general relativity equations and can 
be implemented during the post-inflationary period of the universe’s expansion. 
 
 2. Centrally symmetric solutions of the general relativity equations 
 
Below we will use the system of units 1с  , signature 
  1, 1, 1, 1diag      (2) 
and notation ,    for global and local Dirac matrices, respectively. 
 As local matrices we use matrices in the Dirac-Pauli representation. 
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2.1 Schwarzschild solution [1] 
 
The coordinates are 
  , , , .t r    (3) 
The interval square is 
 
2
2 2 2 2 20
0
1
1
r drds dt r d d
rr
r
2sin .                 
 (4) 
The domain of variable  is r
  (5) 0.r r
The solution (4) with domain (5) is basic at writing other centrally symmetric solutions 
because the coordinate transformations are determined in relation to this solution. 
 
2.2 Schwarzschild solution in isotropic (isothermal) coordinates [2] 
 
The coordinates are 
  , , , .t R    (6) 
The coordinate transformation is 
 
2
01
4
rr R
R
   .
  (7) 
The interval square is 
     2 2 2 2 2 2 2 2 2sin .ds V R dt W R dR R d d         (8) 
Here 
 
0
2
0
0
1
4 , 1
41
4
r
rRV W
r R
R
           
.   (9) 
It follows from (7) that at transformation  is represented into r R  in double-valued 
manner 
  0 01 .2 2
rR r r r r           (10) 
The domain of R  is 
 0 .
4
rR   (11) 
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2.3 Schwarzschild solution in spherical harmonic coordinates [3] 
 
The coordinates are 
  , , , .t R    (12) 
The coordinate transformation is 
 0 ,
2
rr R   (13) 
where  - the Schwarzschild radius, r R  - harmonic radius. 
The interval square is 
 
0 0 2
2 2 2 2 20
0 0
2 2 sin .
2
2 2
r rR R rds dt dR R d dr rR R
  
          2                    
 (14) 
The domain of R  is 
 0 .
2
rR   (15) 
 
2.4 Eddington-Finkelstein metric [4], [7] 
 
The coordinates are 
  , , , .T r    (16) 
 
The coordinate transformation is 
 0
0
.
1
r drdT dt
rr
r
      
 (17) 
The condition T
r t t r
      
T
 
is fulfilled but transformation (17) is discontinuous at 
. 0r r
The interval square is 
 2 2 2 2 2 20 0 01 2 1 sinr r rds dT dTdr dr r d d
r r r
        2 .                     (18) 
The domain of r  is 
  (19) 0.r r
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2.5 Painlevé-Gullstrand metric [8], [9] 
 
The coordinates are 
  , , , .T r    (20) 
 
The coordinate transformation is 
 0
0
.
1
r drdT dt
rr
r
      
 (21) 
The transformation (21) is discontinuous at 0r r ; the condition T Tr t t r
        is 
fulfilled. 
The interval square is 
 2 2 2 2 2 20 01 2 sinr rds dT dTdr dr r d d
r r
    2 .            (22) 
The domain of r  is 
  (23) 0.r r
 
2.6 Finkelstein-Lemaitre metric [4] 
 
The coordinates are 
  , , , .T R    (24) 
The coordinate transformation is 
 
0
0 0 0
,
1 1
rdr drrdT dt dR dt
r r r
r r r
             
.  (25) 
The transformation (25) is discontinuous at 0r r . 
The interval square is 
 
 
  4/322 2 2/3 2 2 202/3
0
3 sin .
23
2
dRds dT R T r d d
R T
r
               
 (26) 
The domain of  is ,T R
 .R T  (27) 
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2.7 Kruskal metric [5] 
 
The Kruskal metric is the further development of the Finkelstein-Lemaitre metric in order 
to construct the complete reference system for field of a point mass. The below solution form in 
which reference system is synchronous belong to I.D.Novikov [6]. In coordinates  , , ,R    
 
 
   
2
22 2 2
2
0
2
22 2
0 2
0
1 1 cos
1 1 1 cos sin ,
4
Rds d dR
r
Rr d
r
 
   
       
      
2 2d
 (28) 
 
3
22
2
0 0
1 1 si
2
R
r r
 n .          (29) 
The Eqs. (28), (29) show that metric depends on radial coordinate R  and proper time   
through a parameter  . 
Kruskal metric describes a dust space in general case i.e. the space in which there is a 
non-zero energy-momentum tensor. The Kruskal metric is a generalization of solution of 
Finkelstein-Lemaitre solution (26) and it is derived without the coordinate transformations of 
initial Schwarzschild metric (4). 
 
_____________ 
 
One can see that at transformation of Schwarzschild metric to the Eddington-Finkelstein 
solution (18), the Painlevé-Gullstrand solution (22), the Finkelstein-Lemaitre solution (26) the 
transformations are discontinuous at 0r r . 
It is evident that in this case in the right parts of Einstein equation in the energy-
momentum tensor components will be appear additional singular terms. Generally speaking for 
the general relativity equations only the transformations of  class 3C [24], [25] with continuous 
functions and their first, second and third derivatives with respect to space-time coordinates are 
acceptable. 
Thus, at classical level there is already a question about physical equivalence the metrics 
under consideration. 
Nevertheless all metrics in 2.1 – 2.7 are exact solutions of the general relativity and 
below we will analyze their quantum-mechanical equivalence within the framework of the 
possibility of existence of bound states of Dirac particles in gravitational fields of the metrics 
under consideration digressing from their deriving methods. 
7 
 
Below for uniformity we will consider for all metrics a set of space-time coordinates in 
similar notation 
  , , , .t r    (30) 
 
3. Analysis of the possibility of existence of bound states of spin-half particles in a 
centrally symmetric gravitational field 
 
 To begin with, we present self-conjugate Hamiltonians defined in [12] for the 
Schwarzschild metric [1] and the metrics [2] - [9]. 
 
3.1 Schwarzschild metric in coordinates  , , ,t r    
 
 
 22 2 2 2 2 2
0
sin ,
1 ;
s
s
s
drds f dt r d d
f
rf
r
     
 
 (31) 
The self-conjugate Hamiltonian H  is 
 
0 0 1
2 3
1
1 1 1ctg .
2 sin 2
s s s
0 1 s
H f m i f f
r r
fi
r r
   
     
      
           r 
 (32) 
In (31), (32) we mean real values of  (Hilbert condition: ). 0sf  00 0g 
 
3.2 Schwarzschild metric in isotropic coordinates 
 
      2 2 2 2 2 2 2 2 2sin ,ds V r dt W r dr r d d         (33) 
where 
    
0 2
0
0
1
4 ; 1
41
4
r
rrV r W rr r
r
      
.  (34) 
The self-conjugate Hamiltonian is written as 
 
0 0 0
3
0 0 0
1 1 1
4 4 4 .
21 1 14 4 4
k
k
r r r
ir r rH mr xr r
r r r
  
                     
αp 3   (35) 
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In (35), 0 , k 0 k       are Dirac matrices 
It is convenient to write Eq. (35) in the Obukhov form [2]: 
      1 ,
2 Ob Ob
H V r m F r F r   αp αp  (36) 
where 
     
0
3
0
1
4 .
1
4
Ob
r
V r rF r
W r r
r

     
 (37) 
The Hilbert condition (  ) for the solution 00 0g  (33) reduces to the condition 
 0 .
4
rr   (38) 
 
3.3 Schwarzschild metric in harmonic coordinates 
 
     
2
2 2 2 2 2 201 1 sin
2g g
rds F r dt dr r d d
F r r 2 .           (39) 
In (39), 
  
0
0
1
2 .
1
2
g
r
rF r r
r



 (40) 
The self-conjugate Hamiltonian H  is 
 
1 0
2
2 0
2 3
0
1
2 1
2
1 1 1 1ctg .
2 sin1
2
g g
g
rH F m i F
r r rr
r
i F r r r
r
  
    
                 
          
 (41) 
The Hilbert condition for this solution has the following form: 
 0 .
2
rr   (42) 
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3.4 Eddington-Finkelstein metric 
 
 
 2 2 2 2 2 2 20
0
2 s
1 .
s E F
E F
rds f dt dtdr f dr r d d
r
rf
r
in ,  

    
 
 (43) 
The self-conjugate Hamiltonian H  is 
 
0
0 1 0
2
0 2 0 3
0
1 1 1
1 1 1 1 1ctg
2 s
1 1 1 .
2
E F E FE F
E F E F
E F E F
rmH i
f r r r ff
i i
r rf f
ri
r f r r rf

  
    
in  
 
 
 
       
       
     
  (44) 
For this solution, the condition  leads to the condition 00 0g 
  (45) 0.r r
 
3.5 Painlevé-Gullstrand metric 
 
 2 2 2 2 2 202s rds f dt dtdr dr r d dr 2sin .        (46) 
The self-conjugate Hamiltonian H  is 
 
0 0 1 2 3
0
1 1 1 1ctg
2 sin
3 1 .
4
H m i
r r r r
ri
r r r
       
                   
    

 
 (47) 
Here, similarly to the previous solution, the condition (45) should be fulfilled. 
 
3.6 Finkelstein-Lemaitre metric 
 
 
 
 
2 42 2 2 2 2 23
2
3
0
sin ,
3 .
2
F L
F L
F L
drds dt f r d d
f
f r t
r
  


   
 
 (48) 
The self-conjugate Hamiltonian H  is 
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 10 0 1 0 23
2
3 0
1
3
0 3 0 1
2
3 0
1 1 1 1 ctg
2
1 1 .
sin 2
F L
F L
F L
F L
H m i f i
r r rf
fii
r rf
      
    




            
  
 
 (49) 
 
3.7 Kruskal metric 
 
 
 
 
 
2 2 2 2 2 2 2
0
3
22
2
0 0
2
2
2
0
1 sin ;
4
1 1 sin ;
2
1 1 cos .
K K
K
ds dt f dr f r d d
t r
r r
rf
r
  
  

   
      
     
 (50) 
The self-conjugate Hamiltonian H  is 
 
0 0 1 0 1
0
1
2
0 3 0 1
0
1 1 2 1 1 ctg
2
2 1 .
sin 2
K K
K
K
H m i i
r r rf f
fii
r rf
      
    

             
  


 (51) 
 For the Finkelstein-Lemaitre and Kruskal solutions, the time coordinate coincides with 
the proper time. The domain of the wave functions is the entire space  , ,r   . The 
Hamiltonians H  for these solutions are explicitly time-dependent, and stationary bound states 
cannot therefore exist. 
We further analyze the possibility of existence of bound states for the metrics with 
stationary Hamiltonians (32), (36), (41), (44), (47) with the wave function represented as 
    , iEtt e . r r  (52) 
In (52)  - energy of Dirac particle. E
 
3.8 Separation of variables 
 
 The Dirac equation with stationary Hamiltonians (32), (36), (41), (44), (47) allows for the 
separation of variables, if the bispinor    , ,r   r  is defined as 
         3, ,
imF rr
iG r
e 
      
    
  (53) 
and the following equation is used (see, e.g., [26]) 
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    2 11 1ctg .
2 sin
i m i       
            (54) 
 In order to receive Eq. (54) we made an equivalent replacement of matrices in 
Hamiltonians (32), (36), (41), (44), (47): 
 1 3 3 2 2, , 1         (55) 
In (53), (54),     are spherical harmonics for spin ½, i  are two-dimensional Pauli matrices, 
m  is the magnetic quantum number, and   is the quantum number of the Dirac equation: 
 
  11 , 21, 2... .
1, 2
l j l
l j l

         
 (56) 
In (56), ,j l  are the quantum numbers of the total and orbital momentum of a Dirac particle, 
respectively. 
     can be represented as [27] 
 
      
 
 
 
 
1 12 2
1
2
1
2
1
2
cos sin!1 2 21
4 ! sin cos2 2
1
2 .
jm m
jm
m
l
m
l
Y j m
j mY
m P
P
 






 
   
 

 


                
          
 (57)3 
 In (57),  12mlP    are Legendre polynomials. 
 As a result of the separation of variables, for the above solutions, we obtain a system of 
equations for the real radial functions    ,F r G r . In the following these equations are written 
in the dimensionless variables 0, , 2
c c
rE r
m l
  
l
   , where cl mc
  is the Compton 
wavelength of Dirac particle. 
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3 In (57) 
cos sin2
sin cos2 2
 
 
    
2  is a 2x2 matrix. 
3.9 Equations, asymptotics and boundary conditions for radial wave functions. 
Hermiticity of Hamiltonians 
 
 3.9.1. Schwarzschild solution in the  , , ,t r    coordinates [1], in isotropic 
coordinates [2] and in harmonic coordinates [3] 
 
Systems of equations for the real radial functions are written as follows: 
For the metric (31) and Hamiltonian (32) 
 
 
 
2
2
1
0,
1
0.
ss
s s
ss
s s
fdFf F
d
fdGf G
d
    
    
       
       
s s
s s
f G
f F


 (58) 
 For the metric (33) and Hamiltonian (36) 
 
 
 
1 1 0,
2
1 1 0.
2
is Ob
Ob Ob is is is
is Ob
Ob Ob is is is
dF dFF F F F V G
d d
dG dFF F G G V F
d d
   
   
   
   


 (59) 
For the metric (39) and Hamiltonian (41) 
 
 
 
1 0,
21
1 0.
21
ggr gr g
g g gr gr g gr
ggr gr g
g g gr gr g gr
FdF F dF
F F F F F G
d d
FdG G dF
F F G G F F
d d
    

    

        
        
 (60) 
Radii of the “event horizons” for the metrics (31), (33), (39) are 00 , ,4 2
r rr 0 , respectively. 
If the condition  is fulfilled, the domains of the functions 00 0g    ,F G    are the intervals 
  2 , , , , ,
2
              , respectively. The wave functions must be zero on and 
under the “event horizons”. 
 Let us consider the asymptotics of solutions of (58) - (60). 
For   , for each system of equations the leading terms of asymptotics equal 
  
2 2
2
1 1
1 2
1 1
1 2
,
1 .
1
F C e C e
G C e C e
   
   

  
  
 
  
2
 (61) 
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In order to provide the finite motion of Dirac particles, we must use only exponentially 
decreasing solutions (61), i.e. in this case 2 0C  . 
 The behavior of the wave functions close to the “event horizons” has the following form: 
for Eqs. (58) with   02 r r  
 
  
  
sin 2 ln 2 ,
2
cos 2 ln 2 ;
2
s
s s
s
s s
AF
AG
    
    
 
 


 (62) 
for Eqs. (59) with 0
2 4
rr       
 
1
2
1
2
sin 8 ln ,
2
cos 8 ln ;
2
is
is is
Ob
is
is is
Ob
AF
F
AG
F
  
  
       
       


 (63) 
for Eqs. (60) with 0
2
rr        
 
  
  
1
2
1
2
sin 2 ln ,
cos 2 ln .
gr
gr gr
g
gr
gr gr
g
A
F
F
A
G
F
   
   
 
 


 (64) 
In (62) - (64), , ; , ; ,s s is is gr grA A A    are integration constants. 
The oscillating functions  and  in F G (62) - (64) are ill-defined at the “event horizons”, 
but they are quadratically integrable functions at min 2  , at min 2
  , at min  , 
respectively. 
 The Hamiltonians (32), (36), (41) are Hermitian over the whole domains of  . 
 We can show this using the general Hermiticity condition for Dirac Hamiltonians in 
external gravitational fields proven in [10]. 
   3 0 0 0 0, 0 0 0.00 0kk kds g j d x g jk                            (65) 
 For the time-independent Hamiltonians (32), (36), (41) 
0
0
, 0 0 0x
   , Christoffel 
symbols  and condition 
0
,
00 0
k
k
           0 (64) reduces to 
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   0.kkds g j   (66) 
 Considering the equivalent replacement   - matrix (55) the components of the current 
density of Dirac particles are equal to: 
1. For the metric (31) and Hamiltonian (32) 
 0 3 ,rs sj f      (67) 
 
1 0 12 ,s sj f

      (68) 
 
1 0 22 .s sj f

      (69) 
 For the Hamiltonian (32) the wave function (53) can be written as 
         3
1 1, , .s ims
s s
f
e
f ig
          
   
  (70) 
 Considering (67) - (70) and the explicit form of the spherical harmonics (57),  
         3 3 3 32 0,rs s sij f g               (71) 
        213 2
2 0,s s s
s
j f g
f
       
     (72) 
        112 2
2 0.s s s
s
j f g
f
       
     (73) 
 The  -component of the current is non-zero and it grows infinitely as  02 r r   . 
2. For the metric (33) and Hamiltonian (36) 
  , , 0 3,1,2 .ris Obj F        (74) 
 For the Hamiltonian (36) the wave function (53) can be written as 
         1 32
1, , .is imis
isOb
f
e
igF
         
    
  (75) 
 Considering (74) – (75), 
         3 3 3 32 0,ris is isij f g               (76) 
        222 0,is is isj f g             (77) 
        122 0.is is isj f g             (78) 
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3. For the metric (39) and Hamiltonian (41) 
  
0 3
1
2
, 0 .
1
r
gr g
g
gr
j F
F
j
 
  1,2
 
   
   




    
 (79) 
 For the Hamiltonian (41) the wave function (53) can be written as 
         1 32
1, , .gr imgr
grg
f
e
igF
         
   
  (80) 
 Considering (79) – (80), 
         3 3 3 32 0,rgr gr grij f g               (81) 
        22 1
2
2 1 0,
1
gr gr gr
g
j f g
F
        

     
  (82) 
        1
12 2
0.
1
gr gr gr
g
ij f g
F
        
    
  (83) 
The  -component differs from zero and grows infinitely as 0
2
rr       . 
 For a centrally symmetric Schwarzschild field, the Hermiticity condition (65) can be 
written as 
    2 24 4 2r rj j        0. (84) 
The equalities (71), (76), (81) show that the condition (84) is fulfilled for all the three 
metrics under consideration. 
Thus, if we introduce physically reasonable boundary conditions close to the "event 
horizon", the systems of equations (58) - (60) will possess stationary real energy spectra of 
bound states of spin-half particles. 
In [14], a constraint of the  -component of the Dirac current close to the “event horizon” 
is selected as such boundary condition for the metric (31). 
As the simplest constraint the condition is suggested 
    
2
0.s sf g       (85) 
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 3.9.2. Eddington-Finkelstein [4], [7] and Painlevé-Gullstrand [8], [9] metrics 
 
 Systems of equations for the radial wave functions    ,F G   are written as follows: 
 For the metric (43) and Hamiltonian (44) 
 
2
2 2
2
21
2 1 21
1 2 1 0
21
2 1 21
E FE F
E F E F
E F E F
E F E F E F
E F E F E F
E FE F
E F
E F E
fdF F i F
d f f
G G i G
f f f
fdG G i
d f f

        
    

        

 
 
  
  


 
                      
        
                 
1
1

2 2
1 2 1 0.
E F
F
E F E F E F
E F E F E F
G
F F i F
f f f
    

  
  
     
        
 (86) 
In (86), 21E Ff

   . 
 For the metric (46) and Hamiltonian (47) 
 
 
2
2
1
2 1 3 2 2 2 41 1 1
4
1
2 1 3 2 2 2 41 1 1
4
P G
P G P G
P G
P G P G
dF i F i G
d
dG i G i F
d
           
           

 

 
                         
                         
0
0.


(87) 
 Asymptotics of the functions    ,F G   with    coincides with asymptotics of 
(61) for the Schwarzschild metrics (31), (33), (39). 
 The gravitational radius for Eqs. (86), (87) is a special point, at which a certain 
relationship between the functions  2F    and  2G    is reached. In [28], it was 
established numerically for the Hamiltonian (47) that the functions ,P G P GF G   are smooth close 
to the “event horizons”. 
With such a behavior of the wave functions, the initial Hamiltonians (44), (47) are non-
Hermitian, 
    ,H H , .     (88) 
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 We rewrite the condition (65) in the following form 
   3 0 0 0 0, 0 0 0.00 0kk kds g j d x g k                           (89) 
In (89), like previously, we use summation over spatial index . 1, 2,3k 
 For the Eddington-Finkelstein and Painlevé-Gullstrand metrics 
0
0
, 0 0 0x
   , 
, . The condition 
0 1
0
00 10
          
2 3
0
20 30
           (89) reduces to the condition (66). 
 In this case the relation (84) should be fulfilled 
    2 24 4 2r rj j        0. (90) 
Considering the equivalent replacement   - matrices (55) at variables separation for 
metric (43) and Hamiltonian (44) 
 
1
0 32 21rE Fj . 
     



              (91) 
 Considering the asymptotics of (61) with 2 0C  , in the Hermiticity condition (90), the 
expression 24 rj  tends to zero. 
 For 2  , considering (53) the expression 24 rj  is finite. 
 
          
        
2 2 2 2
2
3 3 3 3
2
2 14 4 21
.21
r
E F E F
E F E F
j F G
i F G
 
 
       

         


 

 

          
     

 (92) 
 In (92) the first summand is finite. The Hermiticity condition (90) for the Eddington-
Finkelstein solution is not satisfied. 
 Stationary bound states of Dirac particles are absent in this case. Only decaying with time 
complex energy levels can exist. 
 For the Painlevé-Gullstrand metric (46) and Hamiltonian (47) considering the equivalent 
replacement   - matrices (55) 
 0 32 .rP Gj  
   


    
 (93) 
 The Hermiticity condition (90) is not fulfilled because of the finite first summand in (93) 
at 2  . 
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
 Thus, for both metrics (43), (46), stationary bound states of Dirac particles cannot exist. 
However, because of the fulfillment of the Hilbert condition  the domain of the wave 
functions is an interval  and the “event horizon” for these metrics, as in the case of 
the metrics 
00 0g 
2 ,  
(31), (33), (39), is an infinitely high potential barrier. 
 
 4. Conclusions 
 
 As a result of the quantum-mechanical analysis we established that the metrics of a 
centrally symmetric gravitational field [1] - [9], which are exact solutions of the general 
relativity equations, can be divided into three groups: 
1. For the classical Schwarzschild metric [1], the Schwarzschild metric in isotropic 
coordinates [2] and the Schwarzschild metric in harmonic coordinates [3], stationary bound 
states of spin-half particles can exist. As a result of the fulfillment of the Hilbert condition 
, the “event horizon” becomes an infinitely high potential barrier for quantum-
mechanical Dirac particles. For such black holes, the wave function under the “event horizon” is 
zero and Hawking radiation 
00 0g 
[17] is absent. 
2. For the Eddington-Finkelstein [4], [7] and Painlevé-Gullstrand [8], [9] metrics, because 
the Hamiltonians are non-Hermitian, the non-decaying bound states of Dirac particles cannot 
exist. However, the fulfillment of the Hilbert condition  again makes the “event 
horizons” insurmountable for spin-half particles. For these solutions, the wave functions under 
the “event horizon” are zero, and such black holes do not radiate through the Hawking 
mechanism. 
00 0g 
3. For the Finkelstein-Lemaitre [4] and Kruskal [5], [6] metrics, the Dirac Hamiltonians 
explicitly depend time, and stationary bound states cannot exist. The metrics do not impose any 
constraints on the domain of the wave functions, and for these metrics, Hawking evaporation of 
black holes is therefore possible. 
It is evident that the three groups of metrics are physically non-equivalent in the 
quantum-mechanical framework. However, all the metrics are general relativity solutions and 
they can be implemented during the post-inflationary period of the universe’s expansion. 
The results of this work can lead to revisiting some concepts of the standard cosmological 
model related to the evolution of the universe and interaction of collapsars with surrounding 
matter. 
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